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Abstract 
In his popular combinatorics text, Brualdi elucidates the principle of inclusion and exclusion 
with the classical and the relative derangements. Eventually, the two kinds of derangements are 
linked up via an algebraic relationship from the parallel use of the principle of inclusion and 
exclusion. We introduce the notion of skew derangements and relate them to relative derange- 
ments and the classical derangements by a purely combinatorial correspondence. Moreover, with 
the aid of our bijection we easily generalize the relative derangements, obtaining a binomial-type 
formula for the number of such generalized relative derangements on n elements in terms of the 
classical derangement umber. 
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The derangement problem is a fundamental example in enumerative combinatorics 
[1,2,5]. In his widely read textbook, Brualdi gives an example of  relative derange- 
ments to elucidate the principle of  inclusion and exclusion. Interestingly, the algebraic 
relationship between these two kinds of  derangements rums out to be rather suggestive. 
In this note, we shall introduce the notion of  skew derangements and shall clarify its 
connection with relative derangements and the classical derangements by a purely com- 
binatorial corrrespondence. We also present a generalization of  relative derangements. 
Using this bijection we obtain an interesting binomial-type formula for the number of 
generalized relative derangements. 
We shall follow the notation of Brualdi [1]. A derangement on a set [n] -- { 1,2 . . . . .  n} 
is a permutation 7~ = i l i2. . . i~ such that ik ~ k for k = 1,2 . . . . .  n. The number of 
derangements on [n] is denoted by Dn. A relative derangement j l j2"" "in on [n] is a 
permutation such that jk + 1 # jk+l  for l<~k<<,n- 1. We shall use Q~ to denote the 
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number of  relative derangements on [n]. As is shown in [1], Qn and Dn are related by 
the following identity: 
On =On+On- I .  (1) 
The purpose of  this note is to provide a combinatorial interpretation of  the above 
relation (1), as suggested by Hurlbert [4]. To this end, we introduce the notion of  
skew derangements, which is basically equivalent o that of  generalized erangements 
[3,6]. 
Definition 1 (Skew Derangements). Given two finite sets X and Y with IX[ = [Y[ 
(note that X and Y may not be disjoint), a skew derangement from X to Y is a 
one-to-one map f from X to Y such that for any x E X,  f (x )  ~ x. 
In the context of  this paper, we shall choose X = [n]. When Y is not specified, it 
is automatically assumed to be the set [0 ,n -  1] --- {0, 1 . . . . .  n - 1}, and such a skew 
derangement from [n] to [0 ,n -  1] is called a skew derangement on In]. Moreover, 
without loss of  generality we may always assume that X = In] and Y = [n] - s -- 
{ - ( s - -  I) . . . . .  --1,0, 1 . . . . .  n -s} .  
Theorem 2. There & a one-to-one correspondence b tween the set of relative derange- 
ments on In] and the set of  skew derangements on In]. 
Combinatorial Proof. (=~): Given a relative derangement j l  ./'2"" jn on [n], we proceed 
to construct a skew derangement f on In]. Suppose jk = n. Notice that the element 
jk+l next to jk = n could be anything as far as the constraint of  being a relative 
derangement is concerned. Let us consider the segment j l j2"" "jk, which is obviously 
a relative derangement on the set {j l , j2 . . . . .  jk}. We set 
f ( j l )= j2 -1 ,  f ( j2 )= j3 -1 ,  " " ,  f (A -1 )=A- I ,  
f ( j k )  = f (n )  =j l  - 1. 
Since j l j 2 "  "jk is a relative derangement, i  follows that 
f ( j l )~ j l ,  f ( ja )~: j2 ,  " " ,  f ( j k -1 )~ jk -1 .  
It is clear that f ( j k )  # jk because jl  - 1 < n. Next, continue with the same proce- 
dure for the segment jk+ljk+2'" jn, which is again a relative derangement on the set 
{jk+l . . . . .  jn}. Suppose jt is the maximum element in this segment. I f  jt is not the 
last element j~, then consider the segment jk+ljk+2 • • "jt, and assign the values for the 
function f over this segment in the same way as we have done for j l j2"" "jk, namely, 
f ( j k+l )  = jk+2 -- 1 , . . . , f ( j t -1 )  = j r -  1, and f ( j t )  ---jk+l - -  1. Note that the value 
set { f ( jk+l )  . . . . .  f ( j t )}  is {jk+l -- 1, jk+2 -- 1 . . . . .  jt -- 1}. Since jt is the maximum 
element in {jk+l . . . . .  jn}, we have f ( j t )  = jk+l -- 1 < jt. It is clear that f ( j i )  # ji 
for k + 1 ~<i ~<t. Repeating this procedure, we will end up with a skew derangement 
f on [n]. 
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(~) :  Given a skew derangement f on [n], we proceed to recover a relative derange- 
ment j l j2""  "jn. The element j l  can easily be determined by j l  = f (n )  + 1. Suppose 
jk is already recovered. I f jk  ¢ n, then set jk+l = f ( j k )+ 1, and repeat he procedure. 
When we reach jk = n, the segment j l j 2 "  "jk is fully recovered. Then we pick up 
the maximum element among the elments left, i.e., the maximum of [n] that are not in 
{j l , j2  . . . . .  Jk}. Suppose u is such a maximum element. Then we continue to recover 
jk+l = f (u )+ 1, jk+2 = f ( jk+l  )+  1,..., until we reach an element jt = u. The pattern 
for the rest of  the process is now obvious. Furthermore, the above procedure (~)  and 
(~)  are indeed inverse to each other. [] 
We present some remarks: 
• The construction of a derangement from a relative derangement is reminiscient of 
coding a cycle decomposition of  a permutation by a permutation il i2 • .. in, see [5]. 
• Using the above bijection, the identity (1) immediately follows. Given a skew de- 
rangement ill2" .'in on [n], if we require f (n )  ¢ O, then f can be viewed as a 
derangement on [n] because we may psychologically treat 0 as n; otherwise, f can 
be viewed as a derangement on [n -  1], 
• The relation Dn+l = nQn [4] (which follows from (1) and D,+l = n(D, + D, - I ) )  
can be explained combinatorially by the above bijection: Let D(n + 1,k) be the 
number of derangements ili2 • .. i~+1 on [n + 1] such that the last element in+l ~ k. 
It is clear that 
D(n+ l ,1 )=D(n+ l ,2) . . . . .  D(n+ l,n). 
It is also easy to see that a derangement i l l2"'" in+l with i,+l = n is essentially a 
skew derangement on [n] by disregarding the last element n, and by identifying the 
element n + 1 with 0. 
To conclude this paper, we give a generalization of relative derangements along with 
a bijective treatment. A permutation j l j2""  "j~ is said to be an s-relative derangement 
if jk + s ¢ jk+l for 1 ~<k < n. The above bijection between relative derangements and 
skew derangements is literally valid for the following stronger statement. 
Theorem 3. For any positive integer s, there is a one-to-one correspondence between 
the set of  s-relative derangements on [n] and the set of  skew derangements f rom [n] 
to In] -- s. 
We will be only interested in the case s ~< n in the above theorem, because for s > n, 
any permutation is a skew derangement from [n] to [n] - s. The number D(n s) of skew 
derangements from [n] to In ] -  s is provided by the following formula (see also [3, 6]). 
Theorem 4. For s <<, n, we have 
(2) 
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Inductive Proof. Let f be a skew derangement from [n] to [n] - s .  Consider the image 
of n under f .  I f  we restrict f (n)  to be distinct from - (s -  1), then we may view 
- ( s -1  ) as the element n, and f becomes a skew derangement from [n] to [n ] -  ( s -1  ). 
I f  we restrict f (n)  to be - ( s -  1) then f becomes a skew derangement from [n - 1] 
to [n -  1 ] -  ( s -  1). Hence, we obtain 
D(nS)=D(S-1) ~_ r)(s -1 ) 
It follows the formula (2). [] 
Combinatorial Proof. Note that the intersection of [n] and [n] - s  is 
{1,2 . . . . .  n - s} .  
Let X be the set o fs  elements n-s+ 1, n -s+2, . . . ,  n and Y be the set o rs  elements 
- ( s  - 1 ), - ( s  - 2) . . . . .  0. Construct he map ~ from X to Y by c¢ (n - s + i) = - ( s  - i). 
Let f be any skew derangement from [n] to [n] - s .  We now classify f as follows: 
Let Fk be the set of skew derangements f for which there are k elements j in X such 
that f ( j )  = c~(j). For any element f in Fk, it is essentially a derangement on n - k 
elements. Hence, it follows the formula (2). [] 
We note that when s = n, Eq. (2) reduces to the well-known identity 
Combining Theorems 3 and 4, we arrive at the following formula for the number Q~S) 
of  s-relative derangements on [n]: 
Finally, we observe that Theorem 3 holds even for a negative integer s. The proof 
is just the dual of  the case when s is positive: to construct a derangement f from an 
s-relative derangement j I jz '"  "j,, we need to find the minimum element 1, say jk, and 
to set 
f ( j k )= f (1 )= j l - -S ,  f ( j l )= j2 - - s ,  . . . ,  f ( j k_ l )= jk - -S .  
The rest of  the proof is parallel to that of  Theorem 2. Therefore, we obtain a symmetry 
property of  relative derangements, that is, for any positive integer s, 
Q(n -s) = Q~n s), (4) 
because it is obvious that the number of  skew derangements from [n] to [n ] -  s equals 
the number of  skew derangements from [n] to [n] + s. 
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